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1 Introduction 

Systems of n subspaces Hi,H2, ■ ■ ■ ,Hn of a Hilbert space H, denoted in the sequel by = 
(H; Hi, H2, . . . , Hn), is a mathematical object that traditionally draws an interest both by it- 
self mUiniini and in connection with the discussion on whether there exists a deeper connection 
between this object and the famous H. Weyl problem, the Coxeter groups, singularity theory, 
and physical applications. 

Systems of subspaces that can be regarded as candidates for being the simplest building 
blocks for arbitrary systems of subspaces are those that are indecomposable or transitive I^EHOl- 
A description of transitive and indecomposable systems is carried out up to an isomorphism of 
the systems of subspaces. For a description of transitive and indecomposable systems of two 
subspaces of a Hilbert space, as well as for transitive and indecomposable triples of a finite 
dimensional linear space, see, e.g., (HI. For an infinite dimensional space, not only the problem 
of description but even the problem of existence of transitive and indecomposable triples of sub- 
spaces is an unsolved problem [2]. For a finite dimensional linear space, transitive quadruples 
of subspaces are described in 0, and give indecomposable quadruples. Examples of non- 
isomorphic transitive and indecomposable systems of four subspaces in an infinite dimensional 
space can be found, e.g., in [Oj. 

In [S] the authors make a conjecture that there is a connection between systems of n subspaces 
and representations of *-algebras that are generated by the projections, — "There seems to be 
interesting relations of systems of n-subspaces with the study of representations of *-algebras 
generated by idempotents by S. Kruglyak, V. Ostrovskyi, V. Rabanovich, Yu. Samoilenko and 
other. But we do not know the exact implication . . . " . The present article deals with this 
implication. 

Let us consider systems of subspaces of the form Sj^ = {H; PiH, P2H, . . . , PnH), where the 
orthogonal projections Pi, P2, . . . , Pn make a *-representation tt of the *-algebra generated by the 
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projections, and H is the representation space. For the *-algebras y4,com = C(pi,p2>P3)P4 \ p'k = 

4 

P*k = Pfei [ S Pk,Pi\ = 0, Vi = 1,2,3,4), it was proved in that irreducible inequivalent 

k=l 

*-representations vr of the *-algebra J'4,com make a complete list of nonisomorphic transitive 
quadruples of subspaces S^r of a finite dimensional linear space. 

In this paper, we make an analysis of complexity of the description problem for transitive 
systems of subspaces S = (H; Hi, H2, . . . , Hn) for n > 5. In Section 3, we prove that it is 
an extremely difficult problem to describe nonisomorphic transitive quintuples of subspaces 
S = {H; PiH, P2H, . . . , even under the assumption that the sum of the corresponding five 

projections equals 21; in other words, the problem of describing inequivalent *-representations 
of the *-algebras that give rise to nonisomorphic transitive systems, is *-wild. 

Since the problem of describing the system of n subspaces up to an isomorphism is compli- 
cated, it seems natural to describe transitive systems that correspond to *-representations of 
various algebras generated by projections (Sections 4 and 5). 

In Section 4, we consider transitive systems St^ of n subspaces, where vr e Rep T'n,a, 'Pn,a = 

C(pi,p2, ■ ■ ■ ,Pn\pi + P2 -\ + Pn = ae,pj = pj,p* = pj, Vj = 1, . . . and a takes values 

in a fixed set. In Section 5, using nonisomorphic transitive systems S-^ of n subspaces, where 
vr belongs to Rep T'n,a, we construct nonisomorphic transitive systems 5^- of n + 1 subspaces, 
where vr is in Rep P„,abo,T, 'Pn,a.ho,T = C{qi,q2, ■ ■ ■ ,qn,p\qi + q2 -\ \- Qn = e, qjpqj = rqj, 

q] = qj, q*j = qj,^j = i, ■ • ■,n,p^ =p,p* =p)- 

2 Definitions and main properties 

In this section we make necessary definitions and recall known facts; the proofs can be found 
in [HI El- Let H he a. Hilbert space and Hi, H2, ■ ■ ■ ,Hn be n subspaces of H. Denote by 
S = {H; Hi, H2, . . . , Hn) the system of n subspaces of the space H. Let S = {H; Hi, H2, . . . , Hn) 
be a system of n subspaces of a Hilbert space H and S = {H; Hi,H2, ■ ■ ■ , Hn) a system of n 
subspaces of a Hilbert space H. A linear map R : H ^ H from the space H to the space H 
is called a homomorphism of the system S into the system S and denoted by i? : S — > S*, if 
R{Hi) C Hi, i = 1, . . . ,n. A homomorphism i? : 5 — > S" of a system S into a system S is 
called an isomorphism, R : S ^ S, ii the mapping R : H ^ H is a bijection and R{Hi) = Hi, 
y i = 1, . . . ,n. Systems S and S will be called isomorphic, denoted hy S = S, if there exists an 
isomorphism R : S ^ S. 

Denote by Hom(5, 5) the set of homomorphisms of a system 5 into a system S and by 
End(5) := Hom(S', S) the algebra of endomorphisms of S into S, that is, 

End(5) = {R€ B{H) \ R{H,) C H„i = I, . . . ,n] . 

A system S = {H; Hi,H2, ■ ■ ■ , Hn) of n subspaces of a Hilbert space H is called transitive, if 
End(5) = CIh- 
Denote 

Idem(5) = {R e B{H) \ R{Hi) C Hi,i = I, . . . ,n, R^ = R}. 

A system S = (H; Hi,H2, ■ ■ ■ , Hn) of n subspaces of a space H is called indecomposable, if 
Idem(5) = {0,Ih}- 

Isomorphic systems are either simultaneously transitive or intransitive, decomposable or inde- 
composable. We say that 5 = up to permutation of subspaces, if there exists a permutation a £ 
Sn such that the systems cr{S) and S are isomorphic, where cr{S) = {H; -f^o-(2); ■ ■ ■ 1 ^^{n)): 

so that there exists an invertible operator R : H H such that R{H„^i-^) = Hi, y i = 1, . . . ,n. 
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Let us now recall the notion of unitary equivalence for systems and collections of orthogonal 
projections. Systems S and S are called unitary equivalent, or simply equivalent, if S = S and 
it is possible to choose the isomorphism R : S ^ S to he a, unitary operator. 

To every system S = {H; Hi, H2, ■ ■ ■ , Hn) of n subspaces of a Hilbert space H, one can nat- 
urally associate a system of orthogonal projections Pi, P2, . . . , Pn, where Pi is the orthogonal 
projection operator onto the space Hi, i = 1, . . . ,n. A system of projections Pi, P2, . . . , Pn 
on a Hilbert space H such that Im Pi = Hi for i = 1, . . . ,n is called a system of orthogo- 
nal projections associated to the system of subspaces, S = {H; Hi, H2, . . . , Hn)- Conversely, 
to each system of projections there naturally corresponds a system of subspaces. A system 
S = {H; PiH, P2H, . . . , PnH) is called a system corresponding to the system of projections 

Pl,P2, . . . , Pn- 

A system of orthogonal projections Pi, P2, - - - , Pn on a Hilbert space H is called unitary 
equivalent to a system Pi, P2, - - - , Pn on a Hilbert space H, if there exists a unitary operator 
R : H ^ H such that RPi = PiR, i = 1, . . . , n. Systems S and S are unitary equivalent if and 
only if the corresponding systems of orthogonal projections are unitary equivalent. 

A system of orthogonal projections Pi, P2, - - - , Pn on a Hilbert space H is called irreducible 
if zero and H are the only invariant subspaces. Unitary equivalent systems of orthogonal pro- 
jections are both either reducible or irreducible. 

If systems S and S are unitary equivalent, then S = S. The converse is not true. 

Example 1. Let S = (C^; C(l, 0), C(cos 0, sin0)), 9 G (0,7r/2), and S = (C^; C(l, 0), C(0, 1)). 
The decomposable system S that corresponds to an irreducible pair of orthogonal projections, 
is isomorphic but not unitary equivalent to the decomposable system S that corresponds to a 
reducible pair of orthogonal projections. 

Finally, let us mention the relationship between the notions of transitivity, indecomposability, 
and irreducibility. If a system of subspaces is transitive, then it is indecomposable, but not vice 
versa. Indecomposability of a system of subspaces implies irreducibility of the corresponding 
system of orthogonal projections, but not conversely. 



3 On *-wildness of the description problem 

for transitive systems of n subspaces for n > 5 

3.1 On *-wildness of the description problem for transitive systems 
that correspond to orthogonal projections 

A description of transitive quadruples of subspaces of a finite dimensional linear space is given 
in [2]. We will show that such a problem for n subspaces, n > 5, is extremely complicated 
(*-wild). 

Consider a system of five subspaces, which corresponds to the five orthogonal projections 
^^=(0 0)' ^2=(o /)' ^' = \{^I /)' 

that act on the space TC = H ® H, where H \s a. Hilbert space and U and V are unitary 
operators. Denote this system of subspaces by Sjjy- So, Sjjy = ("^i P\l~i, P2'H, PsTi, P^Ti, P^Ti.)- 
Consider the system Sq y = (Ti; Pi7i, P27i, PsTi, P^Ti, P^Ti) that corresponds to the collection 
of orthogonal projections Pi, P2, P3, P4, P5 that have the above type and act on the space 
H = H (B H; here H is a Hilbert space and U, V is a pair of unitary operators. 



4 



Yu.P. Moskaleva and Yu.S. Samoilenko 



Theorem 1. The system Suy is transitive if and only if the unitary operators U, V are irre- 
ducible. Also, Sjj.v — Sfj Y if and only if the pair of unitary operators U , V is unitary equivalent 
to the pair of unitary operators U , V. 

Proof. Denote Hi = PiU., i = 1, . . . ,5. For Hi and H2, we have 

Hi=H®0, H2 = 0®H. 
For H3, H4, and H^, respectively, 

H3 = {{x,x)\x e H}, H^ = {{Ux,x)\x £ H}, H5 = {{Vx, x)\x e H}. 
Let us prove an auxihary identity 

{7^ G B{n, n) \ n{Hi) c Hi,i = i,...,5} 

= {R®R€ B{n, n)\Re B{H, H),RU = UR, RV = VR}. (1) 

The first three inclusions, TZ{Hi) C Hi, i = 1,2,3, imply that any operator TZ in B{Ti.,7i) can 
be represented as TZ = R ® R, where R £ B{H,H). The fourth inclusion, TZ{Hi) C 1/4, implies 
RU = UR, and the fifth one, TZ{H^) C i/5, gives RV = VR. The converse implications finish 
the proof of (fT]). 

It directly follows from (Q) that Suy — y if ^^'^ o^ly if the pair of unitary operators U , 
V is similar to the pair of unitary operators U , V . By a pair of unitary operators U , V is 
similar to a pair of unitary operators U , V if and only if the pair of unitary operators U , V is 
unitary equivalent to the pair of unitary operators U , V . 

Now, setting Sfj y = Suy, rewrite the identity (P) as follows: 

End(5c/,y) = {7^ G B{n) I n{Hi) C Hi,i = l,...,5} 

= {R®R£ B{n) I R e B{H),RU = UR, RV = VR]. 

The latter identity immediately implies that the system Suy is transitive if and only if the 
unitary operators U , V are irreducible. ■ 

Theorem fallows to identify the description problem for nonisomorphic transitive quintuples 
that correspond to five orthogonal projections of a special type with that for inequivalent irre- 
ducible pairs of unitary operators. The latter problem is *-wild in the theory of *-representations 
of *-algebras [HI El • 

3.2 On *-wildness of the description problem for transitive systems 

corresponding to orthogonal projections with an additional relation 

Let Pi, P2, Ps be orthogonal projections on a Hilbert space H, and P2, P3 be mutually orthogo- 
nal. Introduce a system of five subspaces of the space H corresponding to the collection of 
orthogonal projections Pi, P^- ,P2, P'3,{P2 + Pz)^ ■ Denote 

SPMP, = (H; Im Pi, Im P^^, Im P2, Im P3, Im {P2 + Ps)^)- 

Theorem 2. Let Pi, P2, P3 be orthogonal projections on a Hilbert space H such that P2 and P3 
are mutually orthogonal, and Pi, P2, P3 be orthogonal projections on a Hilbert space H such 
that P2 and P3 are mutually orthogonal. Then the system Spj^PjJ-Ps ^-^ transitive if and only if 
the projections Pi, P2, P3 are irreducible. Also, Sp^^p.^_\_p^ — ^p^ P2LP3 ^'^^ ^^^y triple 
of the orthogonal projections Pi, P2, P3 is unitary equivalent to the triple of the orthogonal 
projections Pi, P2, P3. 
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Proof. Denote Hi = Im Pi, = Im P^, H3 = Im P2, = Im P3, iJg = Im (P2 + P3) , and 
let Hi =lmPi,H2 = Im P^, H3 = Im P2, H4 = Im P3, ^5 = Im (P2 + ^3)^- 
The proof of the theorem directly follows from the identity 

{R G B{H, H) I R{Hi) C Hi,i = I, . . . ,5} = {R e B{H, H) \ RPi = PiR, i = 1, 2, 3}. ■ 

Theorem 121 identifies the description problem for nonisomorphic transitive quintuples of sub- 
spaces corresponding to quintuples of orthogonal projections of a special type, the ones such 
that their sum equals 21 h, with that for inequivalent irreducible triples Pi, P2, P3 of orthogo- 
nal projections satisfying the condition P2_LP3. The latter problem is *-wild in the theory of 
*-representations of *-algebras |H1 El • 



4 Transitive systems of subspaces corresponding to Rep T'n,com 
4.1 On *-representations of the *-algebra 'Pn,com 

Denote by S„ {n G N) the set a G M+ such that there exists at least one *-representation of 

n 

the *-algebra 'Pn,a = C(pi,p2i • • • ,Vn \ p\ = P% = Vk-, Yl Pk = Q^e), i.e., the set of real numbers 

k=l 

a such that there exist n orthogonal projections Pi, P2, . . . , P„ on a Hilbert space H satisfying 

n 

Pk = oiIh. It follows from the definition of the algebra 'Pn.com = '^{Pi-,P2i ■ ■ ■ ^Pn\p\ = P*k = 

k=l 

n 

Pk, [Yl Pk,Pi] = 0, V-i = 1, . . . , 77,) that all irreducible *-representations of Vn,com coincide with 

k=l 

the union of irreducible *-representations of 'Pn,a taken over all a G S„. 

A description of the set S„ for all 77 G N is obtained by S.A. Kruglyak, V.I. Rabanovich, and 
Yu.S. Samoilenko in [71, and is given by 

S2 = {0,1,2}, S3 = {0,1,1,2,3}, 

S„ = { A" , Al [iWra, n+v^J , 77 - A^, 77 - A" } for 77 > 4, 



A° 



(n-2)- 



1 

n-1 



K 



(n-2)- 



1 

n-2 



Here, the elements of the sets A^, A^, 77 — A;'^, n — A^, in what follows, will be called points of the 
discrete spectrum of the description problem for unitary representations of the algebra Vn,com, 

whereas the elements of the line segment are called point of the conti- 

nuous spectrum. For each point a in the sets A^, 77 — A^ there exists, up to unitary equivalence, 
a unique irreducible ^-representation of the *-algebra Vn,a and, hence, that of 'Pn,com- For each 
point a in the sets A^, 77 — A^ there exist n inequivalent irreducible *-representations of the 
*-algebra 7^n,a and, hence, those of Pnxom- 

An important instrument for describing the set S„ and representations of "Pn.com is use of 
Coxeter functors, constructed in (71, between the categories of *-representations of T'n,a for 
different values of the parameters. 

Define a functor 7 : Rep Vn,a Rep Vn,n-a, see [71. Let vr be a representation of the 
algebra T'n,a, and 7r(pj) = Pj, 7 = 1, . . . , 77, be orthogonal projections on a representation space H. 
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Then the representation vr = T(7r) in Rep Vn,n-a is defined by the identities T^{pi) = (/ — Pi) 
that give orthogonal projections on H. We leave out a description of the action of the functor T 
on morphisms of the category Rep Vn,ai since it is not used in the sequel. Let us now define 
a functor § : Rep Vna ^ Rep 'Pn ) s^e jTI. Again, let tt denote a representation in Rep Vn a, 
and by Pi, P2, ■ ■ ■ , Pn denote the corresponding orthogonal projections on the representation 
space H. Consider the subspaces Hi = Im Pi (i = 1, . . . ,n). Let Ti : Hi ^ H , i = 1, . . . ,n, he 
the natural isometries. Then 



r*Ti = lH,, Tir*=Pi, i = l,...,n. (2) 

Let an operator T be defined by the matrix T = [Fi, . . . , r„] : 'K = Hi © H2 © • • • © H^ 

H. Then the natural isometry ^^A* that acts from the orthogonal complement H to the 

subspace Im T* into the space 7i defines the isometries = A|im p^. : Hi^ H, k = 1, . . . ,n. 
The orthogonal projections Qi = AjA*, i = 1, . . . ,n, on the space H make the corresponding 
representation in S(Rep Vna), i-e. the representation tt = S(7r) in Rep Vn -2_ is given by the 

' ' a — 1 

identities ^(pi) = Qi- Write down the relations satisfied by the operators {Aj}", 

A*Ai = lH,, A,A* =Qi, i = l,...,n. (3) 

We will not describe the action of the functor S on morphisms of the category Rep Vn,ai since 
we will not use it in the sequel. 

Following [7], introduce a functor : Rep Vn,a Rep 1 defined by <I>+(7r) = 

' n—l—a 

S(T(7r)) for a < n — 1. Denote by vr^ (A; = 0, 1, . . . , n) the following representations in Rep 'Pn,a- 
'^o{Pi) = 0, i = where the space of representation is C; irk{pi) = if i / A; and 

T^kiPk) = 1) k = l,...,n, with C as the representation space. For an arbitrary irreducible 
representation vr of the algebra Vn,a in the case of points of the discrete spectrum, one can 
assert that either vr or T(7r) is unitary equivalent to a representation of the form <I>"'"*(7r), where 
the representation vr is one of the simplest representations VTfc, k = 0, n, and s is a natural 
number. 



4.2 Transitive systems of n subspaces corresponding to Rep 'Pn,a 

The systems of subspaces, /Stt^,, k = 0,1,..., n, are clearly nonisomorphic transitive systems 
of n subspaces of the space C. LM. Gel'fand and V.A. Ponamarev in [3], by using the functor 
technique, construct from the systems S'^j., k = 0,1,..., n, infinite series of indecomposable 
systems, which turn out to be are transitive, of n subspaces. In this section we show that 
the Coxeter functors in [Jj, as the functors in |^, transform nonisomorphic transitive systems 
into nonisomorphic transitive systems and, consequently, all systems of the form 5$+s(^) and 
S^+s(j^y where the representation tt is one of the simplest representations vr^., A; = 0, 1, . . . , n, and 
s is a natural number, will be nonisomorphic transitive systems. Hence, we have the following 
theorem. 

Theorem 3. Systems ofn subspaces 5,^ constructed from irreducible inequivalent representations 
TT G Rep 'Pn,a, for a in the discrete spectrum, are nonisomorphic and transitive. 

To prove the theorem, by using the Coxeter functors T and 8 in we construct auxiliary 
functors T' and §'. The action of the functors T' : Rep Vn,a — > Rep Vn,n~a and §' : Rep Vn,a 
Rep Vn -Si— on the objects of the category is defined to coincide with the actions of T and §, 
that is, T(7r) = T'(7r) and S(7r) = S'(7r) Vvr G Rep Vn.a- The morphisms of the category of 
representations are defined differently. Let tt G Rep {Vn,a ■, H) and tt G Rep {Vn,a , H) . A linear 
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operator C G B(H,H) is called a morphism of the category of representations, C G Mor(7r, vf), 
if Ci^ipi) = 7r{pi)C'K{pi), i = I, . . . ,n, that is, 

CPi = PiCPi, i = l,...,n. (4) 

The restrictions C\hi, i = 1, . . . ,re, are denoted by Cj. Let us show that the operators Cj 
map Hi into Hi, that is, 

Ci{Hi)cHi, i = l,...,n. (5) 

Indeed, for x G Hi, we have CiX = Cx = CPiX = PiCPiX and, consequently, CiX G Hi. 
If X e Hi, then ^ and © give 

Cr^X = Cx = C PiX = PiC PiX = PiCiX = CiX = TjC^X, 

SO that 

CTj = fjCj, i = 1, . . . ,n. (6) 

The identities (0)) are equivalent to the inclusions C{Hi) C ^j, i = 1, . . . ,n, which imme- 
diately gives the following relations: 

= f*Cr,, i = l,...,n. (7) 

Formula © allows to represent C as 

1 " 

c = -^f,Qr:. (8) 

i=l 

n n n 

Indeed, i E ^iCiV* = ^ E ^.F* = C(i E ^i) = 

i=l 1=1 i=l 

Consider an operator C : H ^ H defined by 
— 1 " 

c = - — E^^^A*- (9) 

Using the following properties of the operators [7] {Ti}f^^, {T*}^^^, {Ai}f^^, {A*}f^^: 

n 

Er.A* = o, (10) 

i=l 

A*A, = --1^F*F„ i^j, (11) 
let us prove that 

AlC = CkAl, k = l,...,n. (12) 
Indeed, 

i=l / 1=1 

— 1 " 1 

-(A*,A,)C,.A^ + ^ J^(___)f*(f.a)A: 



a — 1 , r 



1=1 
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rv ^ — ^ rv rv ^ — ^ 



a a ^ — ^ a a 

i—l i—l 

= ^C,Al - -nc I X^r.A* - r,Al] = ^CkAl + -{TDCTkAl = CkAl. 
a a \~i I ^ 

Now, let us show that 

Ck = AlCAk, k = l,...,n. (13) 
Usmg ©, ®, dZI, (©, ®, and dJ) we get 

(— 1 " \ — 1 " 

— 1 — 1 " 
" -Ai^AfcCfcA;^Afc + A^A,aA* Afe 



a a 



a — 1 



1 _ _ 

Cfc H — 7 — 7T- > r^rjCir-rfc 

a ala — 1) ^-^ 

i^k 



a a — i 



n \ 



= <-.fc H -i fcL-i fc 7 TT-i fci k^k^ k^k = '^k- 

a a — V ayoL — ij 

Now, it follows from (O and (O that QkC = AfcA^C = AkCkA^ = QkCQk, that is, 
QkC = QkCQk, k = I, . . . ,n. Whence, 

C*Qk = QkC*Qk, k = l,...,n. (14) 

The latter identities mean that C* E Mor(S'(7r), S'(7r)). The action of the auxiliary functors 7' 
and §' on morphisms of the category Rep Vn,a are defined by T'(C) = C* and S'(C) = C* for 
any C G Mor(7r, vr). This completes the construction of the auxiliary functors. 

Lemma 1. The functors T' and §' are category equivalences. 

Proof. It is easy to check by using the definition that the functor T' is univalent and complete. 

= Id and 7' (it) = 7{Tr) for any vr G Rep Vn,a- Consequently, the functor T' is an equivalence 
between the categories Rep Vn,a and Rep Vn,n-a- 

Now, let us prove the lemma for the functor 8'. Let us show that the functor S' is univalent. 
Let C,L> e Mor(7r,#) and C ^D, and show that S'(C) / %'{D). Indeed, if S'(C) = S'(D), then 
C* = D* and C = D. By we have 

= A*CA, = A*DAi = Di, i = l,...,n. 

Using the decomposition Q we get 



n 1 " 

c = - V f ,Qr* , I) = - V f , Ar* . 

a ^-^ a ^-^ 

i=l 1=1 

Then C = D and, hence, the functor S' is univalent. 
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Let us now show that S' is complete. Let R G Mor(S'(7f), §'(7r)). To prove the completeness, 
construct a linear operator from the set Mor(7r, vf) such that the functor takes on this morphism 

the value R. Since R £ Mor(S'(7r), S'(7r)), the operator R : H ^ H satisfies 

RQk = QkRQk, k = l,...,n. 

Consider an operator f in B{H,H) such that f* = R. Then the former identities can be 
written as 

r*Qk = Qkr*Qk, = 1, . . . , n, 

and, consequently, 

Qkr = Qk-fQk, k = l,...,n. (15) 

Denote by the operators = A^rA^ : Hk Hk, k = 1, . . . ,n, and show that f can be 
represented as 

— 1 " 
a ^ — ' 

k=l 

Indeed, 

^ E ^'^^^^l = ^ E ^^^IrAkAl = ^ E Q'^'Q^ = ^ E ^ = - 

k=l k=l k=l \ k=l / 

It follows from the definition of and identities H15|) that 

rkAl = iAlfAk)Al = Alf{AkAl) = AlfQk = luM^Qk = CK^kVKrQk 

= AlCAkADrQk = AlQkfQk = AlQkf = A*,(AfcA*,)f = (A*,Afc)A*,f = A^f. 

Hence, we have 

rfcA^ = A^r, k = l,...,n. (17) 
Consider the operator 



n 

1 - 

r 



1 " 

-Y^f.r.T*. (18) 



a . 
1=1 



Using 0, (Cni), mi), CZI) we get 

rTk=fkrk, fc=l,...,n, (19) 
rk=nrVk, k=l,...,n. (20) 

Indeed, 

l" 1 l" 1 a— l" 
rrk = - 'V] firiT*rk = - fkrk + - E f iri(r* Tfc) = -f ^rfc fi(ri A*)Afc 

-'Tkrk - - — - E f i(A* f)Afc = -ffcrfc + — -TkAlfAk = tkrk 



a a ^ — ' a a 

i = l 
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and 

/ n \ n 

a \ ^-^ ] a a ^-^ 

\i=\ / 

= -Tk + ^ > A^Airi A*Afc = -rfe + a - l)A^rAfe - ^ '-r^ = r^. 

It follows from (dHI) and ^ that rP^ = r-r^r* = ffcr^r* = f fcf*rfcrfcr* = P^rPfc, which means 
that r G Mor(7r, vf). 

It is easy to check that §'(?') = R and, consequently, the functor 8' is complete. So the 
univalence and completeness properties of the functor S' are checked, 8^ = Id and S'(vr) = S(vr) 
for any vr € Rep Vn,a- Consequently, the functor 8' is an equivalence between the categories 
Rep Vn a and Rep Vn -2_ . ■ 

' ' a — 1 

Lemma 2. // a system S-,^, vr G Rep Vn,com, of subspaces is transitive, then the system 5$+(7r) 
of subspaces is transitive. Here, Sn — Sn if and only if S^+(^j^) = 

Proof. For the functors T and 8, we have ^(Tr) = ^'(Tr) and 8(7r) = 8'(7r) for any vr G Rep 'Pn,a- 
Consequently, -S'"j(^) = 5'g-/(^) and 5g(^) = S§i(^^y By Lemma ^ T' is an equivalence of the 
categories that shows that if a system S'tt, vr G Rep Vn,com, of subspaces is transitive, then the 
system S-j(^^^ of subspaces is transitive. We also have that S^^ = Sji- if and only if = S-j(^j^)- 
Let us now consider the systems -$'§(7^), vr G Rep T'n,a of subspaces. Let 7r,7f G Rep Vn,a- 
Consider the systems of subspaces 8-,^ = (H; Hi, H2, ■ . . , H^) and 5"^- = {H; Hi, H2, ■ ■ ■ , Hn), 
that, respectively, correspond to the representations vr and vr. Let the systems of subspaces be 
isomorphic, that is, — S^. By the definition of isomorphic systems, there exists a linear 
operator T G B{H,H) such that T"! G B{H,H) and T(i7i) = F^, i = 1, . . . , n. It follows 
from T{Hi) = Hi, i = l,...,n, that T{Hi) C Hi, i = l,...,n, and, consequently, we get 
the relations TPi = PiTPi, i = l,...,n. The latter relations mean that T G Mor(7r,7r) if 
f* G Mor(8'(if),8'(7r)), and 

f*(Im 4) C (Im Qi), i = l,...,n. (21) 

Again, using T{Hi) = Hi, i = 1, . . . , n, we get T{Hi) D Hi, i = 1, . . . , n, so that T~^{Hi) C 
Hi, i = l,...,n, and, respectively, T~^Pi = PiT~^Pi, i = l,...,n. This means that T-^ G 
Mor(^-,7r), hence, f^i* G Mor(S'(7r), 8'(ii-)), and using P-^* = (f-^)* = {f*)~^ we get 

Im D (f *)-i(Im QO, i = l,...,n, 
so that 

f*(ImQi) DimQi, i = l,...,n. (22) 

It follows from ^ and ^ that 

T*(Im Qi) = Im Qj, i = l,...,n, 

i.e., it is an isomorphism of the systems corresponding to the representations 8'(7r) and S'(7f) 
and, since the functors 8' and 8 coincide on the objects of the categories, it is an isomorphism 
of the systems corresponding to the representations 8(7r) and 8(7f). 

Since 8' is complete, using similar reasonings it is easy to show that the functor 8' and, hence, 
8 takes the representations corresponding to nonisomorphic systems to representations that also 
correspond to nonisomorphic systems. 
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Let again vr be a representation of the algebra 'Pn,a-, and ■7r(pj) = Pj, i = 1, . . . , n, be orthogonal 
projections on a representation space H. Assume that the system of projections Pi, • • • ) -fn 
gives rise to a transitive system of subspaces = {H; Hi, H2, ■ ■ ■ , Hn), where Hi = PiH, 
i = 1, . . . , re, that is, 

End(5^) = {re B{H) \ r{Hi) C Hi,i = 1, . . . ,n} = Mor(7r, tt) = CI. 

Consider §'(vr) = vr, where TT{qi) = Qi, i = 1, . . . ,re, and the corresponding system of sub- 
spaces 5-3-. Let now R G End(S'^-). Since End(5'^-) = Mor(§'(7r), §'(7r)) and the functor §' 
is complete, we see that S'(r) = R, where r G Mor(7r,7r) is constructed from the operator 
R* = ^ ELi AfcrfcA^, n = A*R*A, : H, ^ Hi, i = 1, ... ,n, as follows: 

1 " 

r = -Y.T,r,T*i. (23) 

By using R G Mor(§'(7r), S'(7r)), we obtain, similarly to H2U() . that 

n = rirVi, i = \,...,n. (24) 

Since the system is transitive, the operator r is a scalar, that is, r = \Ih- Using that 
V\Vi = Ih^, i = 1, . . . ,n, and (|2l|l we get 

ri = XlH,, i = l,...,n. 

Then R* is a scalar operator and, consequently, R is also a scalar operator that means that the 
system S'§/(7r) is transitive and such is 5§(^). ■ 

The statement of Theorem [S] follows directly from Lemma |^ 



5 Transitive systems of subspaces corresponding to Rep 7^n,abo,x 

5.1 Equivalence of the categories Rep Vn,a and Rep 7-*n,abo,x 

Let us examine the equivalence 9", constructed in ^0], between the categories of *-representa- 
tions Vn,a and ^-^^^ j., a / 0. Theorem |31 allows to consider nonisomorphic transitive systems 
of 71 subspaces of the form St^, constructed from representations of the algebras Vn,a ^ov a lying 
in the discrete spectrum. The equivalence 9', in its turn, allows to construct nonisomorphic 
transitive systems S'gr^j^) of re -|- 1 subspaces starting with nonisomorphic transitive systems 5",^, 
TT G Vn,a, of n subspaces. 

Let us describe the equivalence 3^. Let vr be a representation of the algebra Vn,a, and TT{pi) = 
Pi, i = l,...,re, be orthogonal projections on a representation space H. As it was done in 
Section 4, let us introduce the spaces Hi = Im Pj and the natural isometrics Ti : Hi ^ H. Let 

= _ffi e © • • • © Hn- Define a hnear operator T : Hi B H2 ® ■■■ ^ Hn ^ H in terms of 
the matrix F = (Ti r2 . . . r„) of the dimension re x 1. Let Qi denote re orthogonal projections, 
Qi = diag(0, . . . , 0, Ih,,^-, . . . , 0), i = 1, . . . , re, and P : 7i ^ TC an orthogonal projection defined 
by P = ir*r with the block matrix P = ^||r*rj||^^.^^ on the space Hi® H2® ■ ■ ■ ® H^. 

Let a functor 5" : Rep Vn,a Rep ^i^^ j_ , a 7^ 0, be defined on objects of the category 
of representations as follows: ?'(vr) = vr, where vr(gj) = Qi, i = 1, . . . ,re, and 7r(p) = P. The 

n 

identities '^Qi = I and QiPQi = -Qi, i = 1, . . . ,n, are easily checked. We do not describe the 

i=l " 

action of the functor on morphisms of the category Rep Pn,a) since we will not use it. 



12 



Yu.P. Moskaleva and Yu.S. Samoilenko 



Theorem 4. Systems o/n + 1 subspaces, 5'gr(^), constructed from irreducible inequivalent repre- 
sentations TT G Rep Vn,a! where a is in the discrete spectrum, are nonisomorphic and transitive. 

To prove the theorem, construct an auxihary functor 9"' : Rep T'n,a — > Rep "P^ i, a 7^ 0, 
the action of which on objects coincides with the action of 9", that is, 9"'(vr) = '3'{tt) for all vr G 
Rep Morphisms are defined as in Section 4. Let n G Rep (Vn,a, H) and vr G Rep {T'n,a, H). 

A linear operator C G B{H,H) will be called a morphism of the category of representations, 
written C G Mor(7r,7r), if CTr{pi) = 7r{pi)CTT{pi), that is, 

CPi = P^CPi, i = l,...,n. (25) 

As it was for the functors in Section 4, denote the restrictions C\Hi, i = l,...,n, by Cj. 
Then, as in Section 4, the operators Ci map Hi into Hi, that is, 

C,{Hi)ClH„ i = l,...,n. (26) 

It follows from ^ and (gni) that 

CT, = t,Ci, i = l,...,n. (27) 

The identities (|25|) are equivalent to the inclusions C{Hi) C i^j, i = 1, . . . ,n, whence it follows 
that 

C, = f*CTi, i = l,...,n. (28) 
Similarly to Section 4, identities ()27() allow to represent C as 
1 " 

C = -VriQr*. (29) 
a 

1=1 

The above presents all the similarities with the calculations performed in Section 4; the 
operator C is now defined differently. For the operator C = diag(Ci, C2, ■ ■ ■ , Cn) : W — > ?Y, it 
is easy to check that CQi = QiC, i = 1, . . . , re. Then QiC* = C*Qi, i = 1, . . . , re. The latter 
allows to conclude that C*(Im Qi) C Im Qi and, consequently, 

C*Qi = QiC*Qi, i = l,...,n. (30) 
Denote by {PCP)ij the elements of the block matrix of the operator PCP : Hi © H2 © • • • © 

n n 

Hn^ Hi®H2®---®Hn- Then {PCP),.j = ^ E f *f fcCfcr*r, = *( ^ f fcCfcr*)r, = 

fc=l k=l 

if*CTj = ^T*tjCj = {PC)ij, that is, PCP = PC and, consequently, 

C*P = PC* P. (31) 

Identities ^ and ^ mean that C* G Mor(3^'(ii-), 3"'(7r)). Define ^{C) = C* , and this 
finishes the construction of the functor 3'' . 

Lemma 3. The functor 9"' is an equivalence between the categories. 

Proof. Let us show that the functor is univalent. Let C,D ^ Mor(7r, vf) and C ^ D, and show 
that y'(C7) / 3"{D). Indeed, if 3"{C) = T{D), i.e., C* = D* , then d = A, Vi = 1, . . . , n. Let 
us use (j^ . 



1 n 1 " 

i=l i=l 
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It follows from Q = Di, i = 1, . . . ,n, and the form of the representation operators C and D 
that C = D and, hence, the functor 3"' is univalent. 

Let us show that 3"' is complete. Let R S Mor(?''(7f), ^''(vr)) and construct a linear operator 
in the set Mor(7r, vf ) such that the value of this functor on the morphism is R. It follows from 
R G Mor(y'(7r),3"'(7r)) that the operator R-.H^H satisfies 

QiRQi = RQi, i = l,...,n, PRp = Rp. 

Denote by r an operator in B(7i,7i) such that f* = R. Then the latter identities can be 
rewritten as follows: 

Qif*Q^=f*Qi, i = l,...,n, Pr*P = f*P, 

and, consequently, 

QirQi = Qif, i = l,...,n (32) 

and 

PfP = Pf. (33) 

Let now rij be elements of the block matrix of the operator f from H\ © H2 © • • • ® into 
iJi ©iJ2© • • -©Hn- Identities imply that if i / j, then Vij = 0. Denote rj = ra, i = 1, . . . , n. 
Then ri : Hi ^ Hi, i = 1, . . . , n, and r = diag(ri, r2, . . . , r„). Consider r : H ^ H defined by 

r = -ffT*. (34) 
a 

Identity (|33|) and definition (|3l|) imply that ^r*rr = PfP = Pf, then comparing the elements 
on the main diagonal of the corresponding block matrices gives 

U = f*rTi, i = l,...,n. (35) 

Using the relation ^ff* = we get rV = Ij^rT = (iff*)rr = f(if*rr) = f(PfP) = 
T{Pf) = r(^r*r)r = (irr*)rf = Ifj^f = fr. Rewrite the identity rV = Tf in the matrix 
form, 

(rLi rT2 ... rVn) = (f iri f2r2 . . . f „r„) 
that gives 

rFj = fjrj, i = l,...,n. (36) 
Using identities and H36() we get 

rP, = P,rPi, i = l,...,n. (37) 

Indeed, rPi = rViT* = tiriV* = tit*rTiT* = PirPi. Identities (EH) mean that r e Mot{tt,^). 
Let us check that 9"'(r) = f* = R. Denote by C the constructed morphism r and find 3^'{C). 
Since y'(C) = C\ where C = diag(Ci, Ca, . . . , C„) : H ^ H, let us find d = C\h, = Ah,, 
z = 1, . . . , n. Since C £ Mor(7r, vf), it follows from ^ and ^ that Q = f JCFi = r*rTi = Vi. 
Then C = f, C* = f* and 3"'(r) = 3-'(C) = C* = f* = R. This proves that the functor J' is 
complete. 

Since 3^' {it) = 9"(7r) for any vr G Rep "Pn.a and 3^^ = Id , we see that 9"' is an equivalence of 
the categories. ■ 



14 



Yu.P. Moskaleva and Yu.S. Samoilenko 



Lemma A. If a system S-,^, vr G Rep Vn,com, of n subspaces is transitive, then the system Syr^^^-j 
of n + 1 subspaces is transitive. Also, 3-,^ = 5^- if and only if S^(^j^^ = S^^j^-y 

Proof. Since the functors 3' and 9"' coincide on the objects of the categories, the representations 
constructed using the functors and the corresponding systems of subspaces wiU coincide, S'^-^^^ = 
Sy'{TT) for Vvr G Rep Vn^a- Let 7r,7f S Rep "Pn.a, a / 0, and the systems of subspaces Sn = 
{H; Hi, H2, ■ ■ ■ , Hn) and 5*^ = [H; Hi, H2, ■ ■ ■ , Hn), which correspond to the representations vr 
and TT, be isomorphic, that is, S-j^ = 5*^. By the definition of isomorphic systems, there exists a 
hnear operator T £ B{H, H) such that T^^ G B{H, H) and T{Hi) = Hi, i = 1, . . . ,n. It fohows 
from T{Hi) = Hi, i = 1, . . . ,n, that T{Hi) C Hi, i = 1, . . . ,n, and, consequently, TPi = PiTPi, 
i = l,...,n. The latter identities mean that T G Mor(7r, vf). Then f* £ Mor(y'(7r), 9"'(7r)) and 

f *(Im Qi) C (Im Qi) (i = 1, . . . ,n) and f*(Im P) C (Im P). (38) 

Again, considering the identities T[Hi) = Hi, i = 1, . . . , n, we conclude that T{Hi) D Hi, i = 
1, . . . ,n, that is, T~^{Hi) C Hi, i = 1, . . . ,n, and, respectively, T^^Pi = PiT~^Pi, i = 1, . . . ,n. 
These identities imply that T^^ G Mor(7r, vr). Then T^^ G Mor(9"'(7r), 9"'(7r)), whence using 
f^i* = (f-i)* = (f*)-i we have 

Im D (f *)^^(Im Qi), i=l,...,n and Im P D (f *)~^(Im P), 
and, consequently, 

f*(Im Qi) D Im Q,, i=l,...,n and f*(Im P) D Im P. (39) 

It follows from (jHEJ and ^ that 

f* (Im Qi) = Im Q,, i=l,...,n and f*(ImP)=ImP 

that shows that it is an isomorphism of the systems that correspond to the representations 3''(7r) 
and S''{Tf) and, since the functors 3'' and J' coincide on the objects of the category, it is an 
isomorphism of the systems corresponding to the representations ^^(vr) and 3^{tt). 

Since the functor 3'' is complete, similar reasonings show that the representations that cor- 
respond to nonisomorphic systems are mapped by the functor 9"', and hence the functor 9", into 
representations that give rise to nonisomorphic systems. 

Let us now prove the first part of the proposition. Let vr be a representation of the algebra Vn,a 
and ir{pi) = Pi, i = 1, . . . ,n, be orthogonal projections on a representation space H. And let 
the system of orthogonal projections Pi, P2, . . . , Pn induce a transitive system of subspaces 
S'tt = {H; Hi, H2, . . . , Hn), where Hi = PiH, i = 1, . . . ,n, that is, 

End(5^) = {r G B{H) \ r{H,) <Z Hi,i = I, . . . ,n] = Mor(7r, tt) = CI. 

Consider S^'in) = vr, where 7r(gi) = Qi, i = 1, . . . ,n, and ^{p) = P, and the corresponding 
system 5^- of subspaces. Let now R G End(S'^). Using End(5^) = Mor(9"'(7r), 9"'(7r)) and since 
the functor [J' is complete, we see that 3^'{r) = R, where r G Mor(7r, vr) is constructed from the 
diagonal operator R* = diag(ri, r2, . . . , r„) on the space Hi (B H2 ® • • • (B Hn as follows: 

r = -TR*T*. (40) 
a 

Using the inclusion R G Mor(9"'(7r), ^''(vr)), which is similar to identity H35|) . we get 



ri=r*rri, i = l,...,n. 



(41) 
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Since the system is transitive, the operator r is scalar, that is, r = XIh- Using rjTj = Ih^, 
i = 1, . . . , n, and identities (|41j) we get 

ri = XlH,, i = l,...,n. 

Then R* is a scalar operator and, consequently, R is also a scalar operator that means that the 
system <S'3-/(7r) is transitive and such is <S'3-(,r)- ^ 

The claim of Theorem ^ follows from Theorem 13] and Lemma ^ 
5.2 Transitive quintuples of subspaces 

By Theorem lU the functor 9" maps known nonisomorphic transitive quadruples of subspaces of 
the form 5*^, where vr € Rep Viacom, into nonisomorphic transitive quintuples S'gr(^) ^2^]. In 
this section, we give inequivalent irreducible *-representations of the *-algebras Vi^abo,T, t G E4, 
where S4 that is the set of r G M+ such that there exists at least one *-representation of 
the *-algebra 'P4,abo,r) is related to S4, the set a G M-)_ such that there exists at least one 
*-representation of the *-algebra 7^4, a i via the following relation |lUj : 

S4 = {0} U |i |a / 0,a G S4I . 

Here, by H, S4 = {0, 1, 2 - (fc = 1, 2, . . .), 2 - ^ (n = 2, 3, . . .), 2, 2 + i (n = 2,3,...),2 + 
2^pj (/c = 1, 2, . . .), 3, 4} . For these representations, the corresponding systems of subspaces are 
nonisomorphic and transitive. 

Let e[j^ denote an (r x s)-matrix that has 1 at the intersection of the ith row and the j'th 
column, with other elements being zero. 

1) The *-algebra P4,abo,o has 4 irreducible inequivalent one-dimensional representations, Qi = 
• • • = Qk~i = Qk+i = ■ ■ ■ = Qa = P = 0, Qk = ^■ 

2) The *-algebra P4, 

abo.i has 4 irreducible inequivalent one-dimensional representations, Qi — 

■ ■ • = Qk-l = Qk+l = • • • = Q4 = 0, P = Qfc = 1- 

3) The *-algebra 1 has 4 irreducible inequivalent three-dimensional representations 
that are unitary equivalent, up to a permutation, to 



Qi = l©0©0, Q3 = 0©0©1, ^ = ^X^4f' 
Q2 = 0010 0, Q4 = 0©0©0, W = C©C©C. 



4) The *-algebra "P. ^ 1 has a unique irreducible four dimensional representation, 
Qi = l©0©0©0, Q3 = 0©0©1©0, P=jY.^iT' 



Q2 = o©i©o©o, Q4 = o©o©o©i, ?^ = c©c©c©c. 

5) The *-algebra ^y^^ 1 has 6 irreducible two-dimensional representations that are unitary 
equivalent, up to a permutation, to 

Qi = l©0, Q2 = 0©1, Q3 = 0©0, g4 = o©o, p = if| Jj, 
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where the representation space is W = C ® C, and the following inequivalent four dimensional 
representations that depend on the points of the set O = {(a, b, c) G Mja^ + 6^ + = 1, a > 0, 
6 > 0, c e (-1, 1); or a = 0, 6^ + c2 = 1, 6 > 0, c> 0; or 6 = 0, + = 1, a > 0, c> 0}: 

Qi = 10000© 0, Qs = 000010 0, 

(52 = 001000 0, (34 = 000000 1, 
/ , c{c-ib) b{b+ic) \ 



2 



1 



b{b-ic) 



c(c+ib) 

b{b—ic) c(c+ib) 
fe{ti+ic) c{c—ib) 1 



where the representation space is'H = C0C0C0C. 

6) The *-algebras j_, for a = 2 — , A; = 1, 2, . . ., have unique irreducible represen- 

tations 



Qi =100000 0, (33 = 0000/0 0, 
(32 = 00/000 0, Q4 = 000000/, 



1 /A B 



a 



c r 



where A 



I Ai 
Ai I 



C 



Ci I 



B 



Boo Boi 
Bio Bu 



k k 

^1 = ^ + 3 - 40ejf , Ci = ^ Y.^2k + 1 - 4.)e, 

i=l i=l 



kxk 



Bim. = ^ E V(2A.-2. + l)(2i-l)e^f + Yl V(2A:-2z)2.ett., 

and the representation space is 

W = C'^ C'^ C*^ 

7) The *-algebras j., for a = 2 — 2^^, k = 1,2, . . ., have unique irreducible represen- 

tations 

Qi=/©O0O0O, (33 = 0000/0 0, 

(32 = 00/000 0, (34 = 000000/, 



1=1 



(-ir 



fc-1 



1 [A B 



a 



B^ C ' 



where A 



I A, 
A\ I 



C 



Ci I 





( V 


7] \ 




Boo 


Bio 




[Boi 


Bii) 



7?=(y/^,0^0^_^), 

k-1 

k k 

— y 2ieS^1;f ^ Ci = --^ y{2i - l)e1 



B, 



Im 



2k + 

(-1) 
4A: + 2 



i=l 



kxk 
i ' 



i=l 



5]V(2fc-2i + l)(2fe + 2i)eJf + j;V(2fc-2z)(2fc + 2z + l)e^, 



4A; + 2 



kxk 



i=l 



and the representation space is 



n = C^+^ C'^ C'^ 
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The *-algebras i,fora = 2— ^,A; = 1,2,..., have unique irreducible representations 

Qi=/©0©0©0, Q3 = 0©0©/©0, 

(52 = o©/©o©o, Q4 = o©oeoe/, 

'^=aW C)^ ^^^^^ ^=U J' U J' ^'l^ 




1=1 



4fc 



(fc-l)xfc 



j=l 



j=i 



and the representation space is 



Tt: = c'^^^ © c'^ © c'^ © 





f V 


77 \ 




Bn 


Boi 




Uio 


Boo/ 



9) The *-algebras ^^^^ i_, foT a = 2+-^, k = 1,2, . . ., have unique irreducible representations 

Qi = /©o©o©o, Q3 = oeo©/©o, 

Q2 = 0©/©0©0, Q4 = 0©0©0©/, 

^ = ^{b^ c)' ^^^^^ t)' ^={i 

k-1 

j=l j=l 
= ^ E V(2A; + 2i)(2fc-2z + l)eff 

i=l 

i=l 

and the representation space is 
n = c'^+i © C'^ © C'^ © 

10) The *-algebras j_, for a = 2 + , , A; = 1, 2, . . ., have unique irreducible represen- 
tations 

Qi = /©0©0©0, Q3 = 0©0©/©0, 

Q2 = 0©/©0©0, Q4 = 0©0©0©/, 
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Boi\ 




V 








Boo/ 



^ = (Vi¥r'P,o,...,q), 

k+1 



(fc+l)x{fc+l) 
i,i 

1=1 



1=1 1=1 



1=1 

( _-\\m ^ 

+ y^Y: ^{2k + 2^-l){2k + 2i + 2)e\^i\^'\ 
1=1 

and the representation space is 

11) The *-algebras .-^^^ j_, for a = 2 + , A; = 1, 2, . . ., have unique irreducible represen- 
tations 

Qi = /©0©0©0, Q3 = 0©0©I©0, 
(52 = 0©/©0©0, Q4 = 0©0©0©/, 

''=K^* ^^V' ""^U ^l)' ""'KBio Boo)^ 

k+l 

^(fc+l)x(fc+l) 

:,i 

j=i 

^(fe+l)x(fc+l) 

i=2 

k+l 



'<. = -5FMSP* + 3-4,:).i; 

i=l 

. k+l 

C, = e!rx('=-^)--^5:(2A. + 5-4^)eS; 

i?.. = ^^/i,i''''''^'' + 5: V(2^-2^ + 3)(2.-l)eS5^^)x(^^+^) 



i=l 

and the representation space is 

n = c'^+i © C''+^ © C^'+^ © C''+^ 
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